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Conjectures about constellations between primes

~OK J

4 )

k-tuple conjecture (1923)

Every admissible constellation occurs
infinitely often as a constellation of
gaps between primes.

~N

Polignac’s conjecture (1849)

For every even number 2n, the gap
g=2n occurs infinitely often as a gap
between primes.

Twin prime conjecture
The gap g=2 occurs infinitely often
as a gap between primes.
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Hardy & Littlewood estimate (1923)
Every admissible constellation occurs infinitely
often as a constellation of gaps between primes,
with relative frequency of occurrence of
[1G5) 5=
p—1/ p-1

p>2

Hardy & Littlewood estimate (1923)
*citing Sylvester (1871)
For every even number 2n, the gap g=2n occurs
infinitely often as a gap between primes, with
relative frequency of occurrence of

p—1
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Theorem:

All admissible instances
of every admissible constellation

occur in Eratosthenes sieve.
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Context from Patterns among the Primes

» Eratosthenes sieve
After confirming p=5:

Remaining candidate primes or “5- rough numbers

\/\/V\/V\/\/

2 4 2
> Cycles of gaps

G(5")=64242462  9lpYhaslensth ¢ipf)

and span p*.

.....
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Context from Patterns among the Primes

» Eratosthenes sieve
After confirming p=5:

Remaining candidate primes or “5-rough” numbers

\
UN Confirmed primes

.....

» Cycles of gaps
G(5")=64242462  9lpYhaslensth ¢ipf)

and span p*.
Recursion G(p,*) — G(p,..")

123 5.7 .2 110213>2050017 197020223 4 rn 72272329 )31 27223 ..

For p, we have the cycle of gaps G'(p) =9, 9,95 ... gy
R1. The next prime py.; = g;+1

R2. Concatenate p,,; copies of G(p.’)

R3. Fusions: Add together the gaps g;+g, and thereafter add adjacent gaps
at the running sums indicated by the elementwise product p..;* G(p.’)
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Constellations of gaps

A constellation of gaps of length J
is a sequence of J consecutive gaps.

There is a natural correspondence
between constellations of length J
and k-tuples with k = J+1.
5= 0 g gs 94 g,
o Iéi )2 )3 Y4 Vi

An instance of a constellation s is fixed by identifying .
The remaining generators are

V=Vt g

An instance y, of s is admissible for the prime p iff

Yj mod p +# O for all j=0,...,J

Patterns among the Primes
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Admissible constellations

For a prime p and a constellation s, we define

V,to be the number of distinct residues mod p

covered by any k-tuple corresponding to s.

A constellation s is admissible for a prime p iff v, <p.

p $s=2,10,2,10,2 y»modp admissible y,mod p
3 V3 =2 {0, 2} 2

5 vs=4 {0,1,2,4} 2

7 v,=4 {0,2,3,5} 1,3,6

Lemma: There are p-v, values of 3, mod p
for admissible instances of s.

A constellation s is admissible iff s is admissible for all primes p.
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Wg (OO): asymptotic relative populations

~

P
The population of s in G'(p*)is

ney (@) =we, @) || @-7-1

<
L J+1<q <p J

Theorem:
Let s be an admissible constellation of length J,

and let Q be the product of the odd primes that
divide a span between boundary fusions in s.

Then the asymptotic relative population of s in G{p*) is

wy@= | @ || =2

qsj+1 q>J+1, q|Q
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Consecutive Primes in Arithmetic Progression

Corollary:

Let s be an admissible repetition of the gap g of length J,
and let @ = [loga 19 9-

Then the asymptotic relative population of s in G{p*) is

¢(Q)
q|Q(q -] - 1)

Ws,](oo) — I
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An illustrative example to outline the proof

V, is the number of distinct residues mod p

covered by any k-tuple corresponding to s.

p s=2,10,2,10,2 7 mod p admissible ¥,
3 Vv3=2 {0, 2} 2
5 Vs= 4 {O/ 1/2/4} 2
4 Vy= 4 {012/3/5} 11316
64242462 64242462 Driving term
— for s
Yo=17

Patterns among the Primes
Fred B. Holt

https://www.primegaps.info



https://www.primegaps.info/

lllustrative example

V, is the number of distinct residues mod p

covered by any k-tuple corresponding to s.

G(5%)

G(7%)

R2

replication

Patterns among the Primes
Fred B. Holt
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N 0 W

§=2,10,2,10,2 7 mod p admissible y,
V3= 2 {O, 2} 2
Vs= 4 {O/ 1/2/4} 2
V7= 4 {012/3/5} 11316
64242462 64242462 Driving term
V|o=17 for s

1,705 =3mod7 2462642

%,+15* =5 mod 7 if6~2—&4ﬁ.2

¥,#2 5% =0 mod 7 2462642

Yo+35% =2 mod 7 7 . R3

¥,+4 5% =4 mod 7 2462642 fusions
y+55*=6mod7 2462642
Yot65*=1mod7 2462642 —p 2102102
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Admissible instances

p s=2,10,2,10,2 y; mod p
7 V7= 4 {012/3/5}
11 Vii= 5 {011/2/3/4}

................... g (7 #)

2462642
4+ 07 6

G(17%)

7 =1mod 11

\\\\\\\

RO

%+05% =3 mod 7
=6mod 11

¥%o+55% =6 mod 7
=2mod 11
2462642

Driving terms 2

admissible ¥,
1,3,6
1,2,3,4,5,6

%+6 5" =1 mod 7
=10mod 11
2102 102

Patterns among the Primes
Fred B. Holt
https://www.primegaps.info

Driving terms O2,10,2,10,24{> 5‘11062261254—02 462642
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Admissible instances

p $s=2,10,2,10,2 ¥ mod p
4 v,=4 {0,2,3,5}
11 Vii= 5 {011/2/3/4}
\\\\\ 7# }’0+0 5% =3 mod 7 }’0+5 5% =6 mod 7
..................... g( ) =6 mod 11 =2mod 11
......................... 2462642 2462642
.............. T+ 07 6 Driving terms 2
§(11#) +1-7# 3
7#=1mod11 | +27* 4
+4-7* 6
+5-7#
\\\\\\\\\\\\\ +6°7% 1
\\Nﬁ ......... \\ + 7-7H 2
hR2 I 2R3
LN \replication| | 9-74 4 fusions
_+10-7% 5 1
P J the Pri Driving terms (¢2,10,2,10,2 2462,10,2
Fraet;;‘eBr.n/_s/oaltmongt e Primes riving term O ,10,2,10, 4@2’10,2 505
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admissible ¥,
1,3,6
1,2,3,4,5,6

%+6 5" =1 mod 7
=10mod 11
2102 102

DOBWDE

«0)2462642
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Admissible instances

a(7%) @ 105" Ort55" @ rnt65”

p §=2,10,2,10,2 ) modp admissible ¥,

11 vu=5  {01234) 1,234,556
\ 13 vi;3=5 {0,1,2,11,12}  3,4,5,6,7,8,9,10
G(11%)
§(13#) 20 T7H 41T +2-7H £37H +4-TF +5:7H + 6T +7-7# + 8T# +9-7# + 10-7#
1 eomed 13 O QO 20000 000000 O O
[+ 011% 4 (® 4 @)% 10 315 @@ 9 5
\ +1-11% @ o @2 ® ) 3 5 7
#2111 9 3 05 (711 9 @ s (6) 10 3 10
311t s 3 @ s @@ 42 6 @ 8 10 (6)
T 411 8 10 @1®3 @ © 4 (6 8
S| +511% 10 4 (6) 8 12 10 @ ®Is@u © 4
S l+6:11% (6) 4 49 s s @@ G o9 (7)
T+ 70110 9 @ 2 (g 4 dg 3 s (7 9 3
+811# 5 () 9 @ (& 10 do 3 5
Sl+911r (3 13 s (9 7119 @ s (& 10 8
“l+1011% 3 10 ® 3 @5 @ 4 8 10 4
+11:11F 10 6 8 10 @1 @ @u1@ i ®
+12-11% 3 4 (610 8 1210 @@E® s @ 9
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Generalizing, we can prove --

Glpnd) 0

V), images are lost to

_

boundary fusions.

NN Ny
RN G1(piii") o YotPi’ Yot2p e e o T pt(presr1) pi

mp,”* cycles through the residue classes mod py.;

(

Lemma: For an admissible constellation s,
let 7, be an admissible instance of s in G{p,*).

For every admissible instance of s in G{p,7?),
Yo + mup§ +mopi ... + mypi_y
there are (pi4+1 — Vp) choices of my,; such that

#
Yo + mip§ +mupi ... + mypji_i + mgappt

is an admissible instance of sin G(p,.,"),

and these have distinct residues mod p,,,”.

Patterns among the Primes \_
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The relative populations w, ,(p*) in G{p?)
support the k-tuple conjecture

h Hardy & Littlewood estimate (1923)
k-tuple conjecture (1923) Every admissible constellation occurs infinitely
Every admissible constellation occurs | often as a constellation of gaps between primes,
infinitely often as a constellation of with relative frequency of occurrence of
gaps between primes. 1—[ ( p )1 p—v

oo p—1/ p—-1

J

Theorem: Every admissible constellation s of length J arises and
persists in G(p*), with asymptotic relative population

wy@= | la-vw- || =5

q=j+1 q|Q, q>J+1
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